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Abstract 

Understanding knowledge about space and time is an important ability required in many applications, ranging from 
simple spatial database query to more subtle tasks such as path-planning, navigation and vision. Traditional method for 
representing spatial knowledge is quantitative and relies on the availability of exact data heavily. Qualitative method, 
on the other hand, is advantageous due to its flexibility and robustness in handling inexact data. However, current 
qualitative approaches lack a common working framework encapsulating the essence of a qualitative representation. 
Furthermore, since most qualitative spatial representations are "coordinates1ree", they lack a global structure, thus are 
inefficient in dealing with problems at the global scope. In this paper, we establish a common formal framework based 
on the ubiquitous concept of neighbourhood structures in existing qualitative approaches. Consequently, we propose the 
use of a hierarchical structure as a solution to the global deficiency problem. We prove that the use of a neighbourhood-
based grouping method yields complete and consistent hierarchical abstraction, thus establish the logical soundness of 
the top-down strategy for resolving the global deficiency problem. Finally, we conlude and point out some future 
research directions. 

1 Introduction 

Existing approaches to representing spatio-temporal 
knowledge fall under two main categories: quantitative 
and qualitative. Quantitative methods represent properties 
in the form of exact measurements, qualitative methods 
represent properties in a relative way and focus on their 
essential characteristics. 

In comparison with the quantitative methods, the 
qualitative methods have the following advantages: 

• The gathering of qualitative data through the use of 
sensors is relatively easier and more robust. 

• Interactions with the environment can be specified in 
a qualitative and flexible way. 

• Qualitative methods possess higher power of 
abstraction. 

Despite these advantages the qualitative methods have the 
following drawbacks: 

• Unlike the quantitative approach, a common and 
sound formal framework for qualitative 
representations has not been investigated fully. 

• Current trends in qualitative methods lack a global 
structure and thus are inefficient at the global level. 

In this paper we: 

• describe a sound common formal framework fvr 
qualitative representations in the spatio-temporal 
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domain based on the · concept of neighbourhood 
structure, thus eliviate the first drawback mentioned 
above. 

• introduces a novel and formal way of constructing 
hierarchical abstractions for qualitative 
representations. The hierarchical abstractions serve a 
global structures and make qualitative representations 
more efficient (eliviating the second drawback). 

This paper is organised as follows. Section 2 provides a 
broad overview of relevant work and existing approaches 
in qualitative spatio-temporal modelling with the 
emphasis on the concept of neighbourhood. In section 3, 
we describe a formal framework for representing 
neighbourhood structures and relations. In section 4, we 
use of the developed framework as a formal ground in 
constructing hierarchical abstractions. Finally, section 5 
provides some useful discussions related to the proposed 
formalism and points out possible future research 
directions. 

2 Related background 

A seminal approach in spatio-temporal modelling is 
Alien's temporal logic [1]. The approach uses temporal 
intervals as the primitive elements and establishes a set of 
relations among the intervals by comparing their extremal 
points. The significance of the approach is its delivery of a 
qualitative and expressive model capable of coping with 
inexact data. A direct extension of Alien's work to the 
spatial domain (the 2-D case) is found in [8]. Other types 
of relations in the spatial domain have also been 
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investigated including directional relations [16], and 
topological relations [4], [5]. 

Freksa [6] proposed an important extension to Alien's 
model in which the neighbourhood concept is introduced 
and ePlphasised. Freksa defined two neighbouring 
relations as those that can be transformed directly from 
one to another by a continuous deformation of events. For 
example, the two relations before and meets are 
neighbouring since X before Y is transformed directly to 
X meets Y if X is slid continually to the left. Other 
possible deformations (apart from sliding) are shortening 
or lengthening an interval. By observing the effects of 
these deformations, a neighbourhood structure for Alien's 
thirteen relations can be constructed as shown in figure 1. 
In addition, Freksa introduced the conceptual 
neighbourhood concept which represents a group of 
relations connected via neighbourhood links. On this 
basis, Freksa proposed a neighbourhood-based inference 
method for reasoning with coarse knowledge where 
conceptual neighbourhoods are considered as primitive 
reasoning units. A further discussion of the approach is 
found in [7]. An extension to the spatial domain is found 
in [9] where the orientational and the topological relations 
between 2-D objects are combined. 

Fig. 1. Neighbourhood structure of Alien's temporall 
relations. 

A series of other approaches in the spatial domain are 
oriented to applications in navigation and path-finding 
[10], [12], [14], [13], [18], [19]. Interestingly, the 
neighbourhood concept can be found in these models in 
the form of links between pairs of consecutive nodes in 
their graph-based representations. 

3 Neighbourhood structure 

This section describes a formal framework for defining 
the neibourhood structure in qualitative representations. 
The framework is proposed in [2], [3] and intended as a 
common ground for representing and analysing different" 
qualitative representaions formally. 

3.1 General characteristics of 
neighbourhood structures 

We describe the neighbourhood structure based on three 
general concepts: configuration space, partition of the 
configuration space, and adjacency links between the 
subset elements of the partition. 

Configuration space is an abstract working space 
containing all elements of interest when a problem is 
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represented [15]. For example, given terrain with 
obstacles present, we can make the problem of avoiding 
obstacles implicit by constructing the configuration space 
as the free-space not being occupied by any obstacles and 
limiting the scope of the problem inside this configuration 
space only. 

The partition of the configuration space is a method of 
classifying elements of the configuration space according 
to some properties; it can also be thought of as a cutting 
method to divide the configuration space into connected 
sub-classes and sub-regions. For example, Alien [1] 
divided the configuration space P into thirteen different 
classes corresponding to thirteen possible relations 
between two intervals based on the comparison of their 
end points. 

The adjacency links or neighbourhood links are obtained 
directly from the partition of the configuration space. 
They represent the adjacency or neighbourhood properties 
between two partitioning regions. For example, the 
neighbourhood links between Alien's thirteen temporal 
interval relations are established by Freksa [6] as shown 
in figure I. 

3.2 Formal definitions 

We will use the following notion throughout this section: 

• C is a configuration space with a topology A 
• P(C) is a partition of C. 
• X, Y are some arbitrary subsets of C. 
• c(X) is the closure of X where X is a subset of C. 

3.2.1 Neighbourhood links 

With an abstract configuration space C, the problem of 
establishing neighbourhood links between two regions or 
classes is that of establishing neighbouring links between 
two subsets of C. Intuitively, neighbourhood links should 
characterise the continuity of the transferring movement 
between the two subsets, i.e. the existence of a continuous 
path linking the two subsets together. This continuous 
path between the two subsets corresponds to the 
continuous deformation between two relations mentioned 
in Freksa's definition of neighbouring relations [6] and 
signifies the connectedness between the two subsets. The 
negation of the existence of such a continuous path 
linking the two subsets means that the two subsets are 
separated from each other. 

Definition 3.1. The border between X and Y, denoted by 
border(X,Y) is defined by: 

border( X, Y) = c(X) n c(Y) n (X u Y) 

We notice that: 

border(X,Y) = c(X) n c(Y) n (X u Y) 
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Fig. 2. Neighbouring and non-neighbouring subsets. 

= (c(X) n c(Y) n X) u (c(X) n c(Y) n Y) 
= (c(Y) n X) u (c(X) nY) 

Therefore border(X,Y) can be described intuitively as the 
set of all elements of X that are "closed" to Y and all 
elements of Y that are "closed" to X. 

Definition 3.2. X and Y are separated iff the border 
between X and Y is an empty set, i.e. border( X, Y)= 0 . 
The following definition formalises the concept of 
neighbouring regions based on their separation properties. 

Definition 3.3. X and Y are two neighbouring subsets iff 
X and Y are not separated, i.e. border( X, Y):;t: 0 . 
Figure 2 shows some examples of neighbouring subsets. 
In the trivial case (Fig 2a), if X n Y :;t: 0 then obviously 
border(X, Y) :;t: 0 and therefore X and Y are two 
neighbours. In the more interesting case (Fig 2b) when X 
n Y = 0 and border(X,Y) :;t: 0, the two sets X and Y are 
mutually exclusive, yet cannot be separated from each 
other. 

3.2.2 Neighbourhood structure: connectivity 
graph 

If a neighbourhood link characterises the neighbourhood 
relationship between two subsets of the configuration 
space, a connectivity graph characterises the full 
neighbourhood structure of a partition P( C) of the 
configuration space. From the partition P( C), such a 
graph representation can be constructed by forming nodes 
to represent elements of P( C) and establishing links 
between any two nodes corresponding to two 
neighbouring elements of P( C). Therefore, the 
connectivity graph symbolises the inter-connectedness 
between partitioning regions of the partition P( C). 

The concept of connectivity graphs can be defined 
formally as follows: 

Definition 3.4. Let P( C) be a partition of C into 
connected regions. A connectivity graph of C inspired by 
P( C) is a graph G = (V, E) where: 

1. V= P(C) 
2. E = {(X,Y) I X e V, Y e V and X, Y are two 

neighbouring subsets) 

Figure 2.1 is an example of a connectivity graph 
constructed for Alien's thirteen interval-based temporal 
relations. In other applications which have to deal with 
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large spatial environments such as path-planning or 
navigation, the connectivity graph provides a method for 
breaking up the environments into smaller regions such 
that localised processing of data can be done [10]. 

3.3 Conceptual neighbourhood 

Conceptual neighbourhood is a term used to denote a 
group of regions that are connected via neighbourhood 
links. The concept was introduced by Freksa [ 6] as the 
basis for a method of dealing with knowledge at an 
abstract level based on an important observation that 
regions belonging to the same conceptual neighbourhood, 
i.e. regions connected via neighbourhood links possess 
similar properties. It serves in our model as a basic 
grouping method in constructing a hiererachical 
representation (discussed in section 4). 

A conceptual neighbourhood can be considered as a group 
of partitioning regions, i.e. a subset of the partition P(C); 
the requirement that the group of regions must be 
connected via neighbourhood links then can be expressed 
in the context of the connectivity graph associated with 
P(C). As a result, we state the formal definition for a 
conceptual neighbourhood as follows: 

Definition 3.5. Let P(C) be a part1t10n of the 
configuration space C into connected regions, and G be 
its associated connectivity graph. A set N c P(C) is called 
a conceptual neighbourhood iff the subgraph of G 
restricted to N, GIN is a connected graph. 

The following theorem asserts that a conceptual 
neighbourhood is a connected union of elements of the 
partition P(C). In other words, the connectedness property 
of a conceptual neighbourhood still holds at the 
configuration space level. Proof for this theorem can be 
found in [3]. 

Theorem 3.6. Let N be a conceptual neighbourhood taken 
from the connectivity graph G of the configuration space 
C. Then the set U v is a connected subset of C. 

vEN 

4 Hierarchical 
knowledge 

representation of 

Qualitative representations often have to rely on search to 
retrieve relations at the global level. In this section, our 
main objective is to design a representating method that 
will minimise the searching process and reduce the search 
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overhead. One way to achieve this objective is by 
employing a hybrid approach that depends on a 
quantitative map for extracting global information [10], 
[15]. However, this approach is limited by the requirement 
for quantitative data. We propose that our objective can be 
achieved by stressing on the hierarchical structure of the 
representation and present here a qualitative solution 
based on the concept of hierarchical abstraction by 
neighbourhood grouping. 

As human beings, we tend to consider global information 
as a higher level abstraction of local information. 
Consider the exal!lple of looking at a world map with an 
infinite resolution. At the starting point, we perceive the 
global knowledge about the locations of different countries 
on the map, then in each country, the locations of its main 
cities. Using a microscope, the layout of a city with many 
suburbs can be observed. Increasing the scaling rate, we 
can start perceiving the inside of a suburb with its streets 
and landmarks. Since the perceived knowledge is 
organised into many levels, we are able to deal with 
problems at different scope, either pin-pointing the 
location of a street in the neighbourhood or the location of 
the whole African continent. 

Knowledge representation following this view lends itself 
to a hierarchical structure where the higher level 
represents more abstract (global) knowledge and the 
lower level is an expansion of the higher level to reveal 
more details. At the core of the structure is a grouping of 
detailed (local) knowledge that shares the same properties 
into abstract knowledge characterised by these shared 
properties. Consequently, at any level of the structure, 
knowledge is constrained by the properties inherited from 
the upper level. Reasoning can start at the highest possible 
abstract level, then the results are refined recursively by 
travelling down the tree-structure until the desired level of 
detail is achieved. In this refinement process, the search 
for results at a given level is carefully guided by the 
results obtained from its above level, hence the exhaustive 
behaviour in the search process is eliminated. 

Inspired by this kind of hierarchical structure, we develop 
a formalism called hierarchical abstraction for qualitative 
knowledge representations. Our model is intended in the 
spatio-temporal domain, however the generality of the 
formal framework on which the model is based makes it 
possible to extend the model to other domains as well. 

4.1 Structure 
abstraction 

of the 

4.1.1 Neighbourhood grouping 

hierarchical 

The first step towards constructing such a hierarchical 
abstraction is to design a method for grouping detailed 
knowledge into coarser knowledge. Freksa [6] proposed 
the use of conceptual neighbourhood for this purpose 
since neighbouring elements usually possess similar 
properties. 
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In a . connectivity graph, a conceptual neighbourhood 
represents a group of neighbouring regions in the 
configuration space and is defined as a connected 
subgraph (definition 3.5). By grouping neighbouring 
regions into their conceptual neighbourhoods, a coarser 
partition of the configuration space can be obtained and it 
inspires a new associated connectivity graph. We name 
this method of creating a more abstract graph based on an 
existing graph neighbourhood grouping and define the 
concept formally as follows: 

Definition 4.1. Let G be a graph (V,E). A neighbourhood 
grouping of G produces a graph G * = (V* ,E*) such that: 

1. v* is a partition of V 
2. For every v * E v*, Glv *, the sub graph of G restricted 

to v * is connected. 
* * ) E* 'ff * * d h . * 3. (v i• v*j E 1 v i '#. v j an t ere ex1sts vi E v i• 

Vj E V j such that (vi, Vj) E E. 

The effects of neighbourhood grouping are illustrated in 
figure 3. From now on, we will call the graph G* the 
neighbourhood grouping of G. The first and the third 
condition in the definition 4.1 guarantee that o* is a 
complete and consistent abstraction of G, while the second 
condition ensures that every node of G* is a conceptual 
neighbourhood in G. Applying nel.ghbourhood grouping 
on G therefore creates a new entity G* whose relationship 
with G is similar to the· relationship between two 
consecutive levels in the hierarchical knowledge 
representation metaphore described earlier. 

vf vf 

~ 
G G* 

Fig. 3. Effects of neighbourhood grouping. 

Since G* is intended to be an abstract representation of G, 
we will define a projection function 1t which maps each 
node of G to its associated abstract node in G*. 

Definition 4.2. Let G* be a neighbourhood grouping of G 
and v be a node of G. A node v* of G* is called the 
projection of v on G * iff v E v *. The function 1t that 
maps v to 1t(v) = v* is called the projection function of G 
onG*. 

Since v* is a partition of V, for every V E V, the 
projection of v on G * must exist. Therefore, the projection 
function 1t is defined entirely over V. 

4.1.2 Hierarchical abstraction 
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The next step to construct a hierarchical abstraction is to 
apply neighbourhood grouping recursively on G to 
produce a multi-level structure G, G*, (G*)*, etc .. From 
the properties of neighbourhood grouping we can derive 
that at all levels the structure is complete, consistent and 
retains the neighbourhood properties between its 
elements. Assuming that the structure has n levels with 
the bottom level (level n) being G and the top level (level 
1) being the universal level represented by a single-noded 
graph, we can define the structure as follows: 

Definition 4.3. Let G be a connected graph (E,V). Ann-
level abstraction of G is a structure r n = (G1,G2•···•Gn) 
where Gi is a graph (Vi,Ei), i = 1,2, .. ,n, that satisfies: 

1. Gn = G 
2. IV 11 = 1 and E1 = 0 
3. Gi is a neighbourhood grouping of Gi+ 1 for all i = 

1,2, ... ,n-1 

The following definition provides a generalised concept of 
projection in a multi-level structure. Projection from one 
level to a higher level is defined by applying the 
projection to the next higher level recursively. 

Definition 4.4. Let f'n = (Gl,G2•··· Gn) be an n-level 
abstraction of G and vk be a node of~· For Iei ~1. vi, 
the projection of vk on Gi is defined recursively as: 

1. 
2. 

if i = k, vi = vk 
if i < k, vi = 1tj(Vi+ 1) where 1tj is the projection 
function ofGi+1 on Gi. 

~ 
,, 

' 
' 

' 

' p(A,B -
f} ' 

xA xs 

Fig. 4. Connectivity graph for the grid. 

4.2 Example 
abstractions 

of hieriachical 

Consider an environment made of a grid of NxN unit 
squares. A connectivity graph G = (V,E) can be 
constructed by using the grid as the partition and the 4-
connectivity rule (each square is connected to its four 
adjacent squares) to define the neighbouring links (Fig. 
4). Suppose that we want to find out the direction from A 
to B given the two positions of A and B. In a quantitative 
representation using exact co-ordinates, the problem is 
trivial since one would only have to determine the signs of 
the two components of the vector (xB-XA, YB-YA) (Fig. 4). 
However, using Gas our qualitative representation, a path 
from A to B would have to be searched for, then analysed 
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for the solution. The search for a path from A to B as such 
is an unguided and exhaustive search. 

We construct the hierarchical abstraction r n for G as 
follows. For our convenience, we assume that the size of 
the grid N = 2n-1 for some integer n ~ I and therefore lVI 
= N2 = 4n-I . The 4-node neighbourhood grouping 

. * operatmg on G produces the graph G = (V* ,E*) where 
V* is formed by grouping every four inter-linked nodes in 
V. Let Gn = G, Gi is obtained by applying the 4-node 
neighbourhood grouping on Gi+l for all i = n-l,n-2, ... _,1. 
Since IVil = 1Vi+11/4 and IVnl = 4n-l, we have IVil = 41-1 
and IV 1l = 1. Therefore the structure r n satisfies 
definition 4.3 (Figure 5). 

Levelk 

Levelk+l 

Levelk+2 

Levelll 

Fig. 5. Hierarchical abstraction example. 

Let An=A, Bn=B and Ai, Bi be the projections of An, B0 
on Gi. The relative position between Ai and Bi in Gi 
therefore becomes the abstraction at the i-th level of the 
relative position between A and B in G. 

The problem of finding the global relations between A 
and B can be translated as to find the relation between A 
and B at the highest possible abstract level. We notice that 
at the top level we have At = B1, therefore this level is 
too abstract to produce any useful relation between A and 
B. However, let k =maxi {i I Ai = Bi}, k+l is the highest 
level where Ai:;.:Bi· The relation between Ak+l and Bk+l 
at level k+l yields an approximative direction to which B 
is with respect to A (Figure 4). To find this relation, we 
have to travel the hierarchical abstraction up to the k-th 
level, hence the complexity is O(n), or O(logN). An 
exhaustive search (presumably a breadth-first search) on 
G without the hierarchical abstraction will have a 
compkxity of 0(1VI2), or O(N4). 

4.3 Path-finding with a hierarchical 
abstraction 

Finding a path from one location to another based on the 
knowledge about the environment is an important task in 
many applications. In this subsection, we will investigate 
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the path-finding problem in the context of our hierarchical 
abstraction representation. 

4.3.1 Top-down strategy 

A formal definition of a path, following the concept of 
paths in graph theory is given bellow; however, it should 
be noted that a path is not necessarily acyclic, that is a 
node can be visited more than once: 

Definition 4.5. Given a connectivity graph G = (V,E) and 
two nodes u, v e V, a path from u to v is a tuple 
(X].X2,XJ•···•Xn) S\.lCh that: 

1. Xj=U,Xn=v,xie Vforalll$ i$ n 
2. (xi,xi+J)E E for allJ$ i$ n-1 

With the introduction of a hierarchical abstraction r n• the 
path-finding problem is defined as: given two nodes An 
and Bn in the bottom level Gn, find a path PnCAn,Bn) that 
links An with Bn in Gn. 

To make use of the hierarchical structure we will 
construct the solution based on a top-down strategy1. We 
will begin by finding the solution at the uppermost level of 
r n; in every following step, the solution at the previous 
level is used as a guidance to find the solution at the next 
lower level. Formally, let Ai be the projection of An on 
Gi, i = n-l,n-2, ... ,1, the strategy will attempt to find 
Pi(Ai,Bi) consecutively, starting with i = 1 and finishing 
when i = n. 

Section 4.3.2 below will discuss the theoretical correctness 
of the strategy while section 4.4.3 will provide with the 
detailed algorithm and its computational complexity. 

4.3.2 Completeness and consistency 

There are two important preconditions for the success of 
the method mentioned above: the completeness and the 
consistency of knowledge represented at different levels in 
the hierarchical abstraction. More specifically, the 
representation is complete if all detailed solutions at a 
lower level are encapsulated in some abstract solutions at 
a higher level; the representation is consistent if any 
abstract solution refines to at least one detailed solution. 
The satifaction of these two conditions yields the 
theoretical correctness of the top-down strategy: if there 
exist a solution, the strategy will guarantee to find it. 

In order to discuss the completeness and consistency of 
the hierarchical structure, we will express these two 
properties in terms of two consecutive levels in the 
structure. Equivalently, we can express the complete and 
consistent properties between G and its neighbourhood 

1Top-down strategy is a common method to exploit the 
advantage of having a hierarchical structure. A similar method 
can be found in abstract classical planning (Sacerdoti 1974, 
Knoblock, et. al1991). 
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grouping G*. The theorem for the entire hierarchical 
structure can be generalised easily by induction. 

The next definition extends the concept of projection to 
paths. A path pinG can be considered as a series of nodes 
of G. Looking from G*, the path p is broken into many 
sub-paths, each of which is abstracted by a single node of 
G*. By chaining these abstracted nodes of G*, we obtain 
the projection of p on G*. The concept is defined formally 
in the following definition and illustrated in Fig. 5.6: 

Definition 4.6. Let p(A,B) be a path (xi =A.x2, .. ,xn=B) in 
G. The projection of p on a*, p * is defined as a tuple 

* * * (x l•x 2, .. ,x m> such that: 

* * 1. X i :;t: X i+ l 
2. 3 m+ 1 integers h, h, .. ,jm+ 1 such that 

(a) 1 =h <h < .. <jm+l = n+l 
(b) Vk,ji$k<ji+l•n(xk)=x*i 

The completeness theorem asserts that the projection of 
p(A,B) is also a path in G* that links the projection A to 
the projection of B. Therefore, every solution p(A,B) is 
abstracted by its projection on G*. 

Theorem 4.7 (Completeness theorem). Let p(A,B) be a 
path in G and p* be its projection on G*, then p* is a path 
from n(A)=A *to n(B)=B* in G*. 

x* i= 1 2 m-1 m 

lflj~--~ 
X jl=l 2 3 j2=4jm-l jm n jm+Tn+l 

Fig. 6. Projection of a path. 

* Proof. Let p(A,B) = (x],X2, ... ,xn) and p = 
(x*l·x*2, ... ,x*mJ· From definition 5.5, 3 m+l integers 
h.h, .. ,Jm+l such that I=}] <h < .. <im+l = n+l and 
V k, Ji::;; k <h+I• x*i = 1t (xk)· 

Choose k = Ji and k = h+ rl, we have 
1t(x. ) = x~ and 7t(x. _1) = x~ V i = 1,2, ... ,m (1) 

}; l h+l I 

From (1), we have: 

x; = n(xi) = 7t(x1) = 1t(A) =A* 
and x: = n(xi ... -1) = 1t(xn) = 1t(B) = B* (2) 

* • Also from (1), we have x, .. _1 Ex. , x ·. E x.+1 r+l l lt+l l 

Furthermore, p is a path in G, therefore 
(x, .. _1 ,x, .. ) E E, hence (x*iox*t.+J) e E* (3) 

r+l r+l 
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From (2) and (3), p * is a path in G* from A* to B*. 
(proved) 

The consistency theorem asserts that for any abstract 
solution p*(A *,B*) and for all refinements of A* and B* 
to A and B, there exists a refinement of p* to a path p that 
links A to B. The theorem assures the monotonicity of 
reasoning done at different abstraction levels, therefore 
allows the use of an abstract solution p *(A *,B *) as the 
guidance in the search for p(A,B). 

Theorem 4.8 (Consistency theorem). Let p *(A *,B*) be a 
path in G*, then for all Ae A* and Be B*, there exists a 
path p(A,B) in G such that the projection of p on G* is p *. 

P ·~' L * ( * * * ) s· * · h · rooJ. et p = x J.x 2, ... ,x m. mce p IS a pat m 
* * * * . * G , (x i•x i+ 1) e E , hence there exists: Y;, e x i• 

* and Yi+lb e x i+l such that (Y;, ,yi+lb) e E. (1) 

* * Let y1 =A and Ym =B. SinceA e x 1• Be x m• we 
b • 

* * have y1b e x J. Ym, e x m 

S. * d * . d th . mce y. , y. e x ; an x z' IS connecte , ere exists a 1b 1e " 

Path in x*; that links y. and y . . We choose to index the 
.. 'h '~ 

path as (xi;,xj,+l'"''xh+I-l) whereJi andJi+l are two 
integers,Ji<Ji+l· Effectively, we have: 

xj, = Y;b, xh+,-1 = Y;, 
and for all k, h ~ k <h+l• xk e * X i· (2) 

By concatenating all paths from Y;b to Y;, , we receive a 

tuple p = (x
1
. , x1. +I' ... , x

1
. _1). Without the loss of 

1 1 m+l 

generality, we let }]=1 and n = Jm+J-1. The tuple 
becomes p = ( x J.X2 .. . ,xn). 

Now, we will prove that p is a path from A to B in G and 
the projection of p on G* is p*. 

Since p is a concatenation of shorter paths, p is also a path 
if all the junctions between the sub-paths are connected, or 
if (x. _1 , x 1.. ) e E, or (y. , y .+1 ) e E. This 

Jt+l 1+1 1t I b 

condition is satisfied by (1), hence p is a path in G. 
Furthermore, Xj=Xj, =y1b =A and Xn=Xj,+

1
_ 1 =Ym, =B, 

hence pis a path from A to B. 

On the other hand, l=}]<i2< .. <Jm+l=n+l, and from 
(2), p *is indeed the projection of p on G*. 

Hence, f is a path from A to B and whose projection on 
a* is p . (proved) 

4.4.3 Algorithms and computational complexity 
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The process of consecutively finding Pi(Ai,Bi) starting 
from the top level of the hierarchical structure is 
represented in the following algorithm: 

Algorithm TopDownStrategy 
begin 
DetailedPath = (AJ) 
Fori= 1 to n-1 do 

begin 
AbstractPath = DetailedPath 
DetailedPath= Refine(AbstractPath,Ai+ J•Bi+ 1) 
end 

FinalPath = DetailedPath 
end 

The algorithm starts with the solution at the first level PI 
=(A 1) since At= B1. Next, in every iteration, the current 
solution is refined to a more detailed solution at the next 
level. The solution obtained at the last level becomes the 
final solution. This process is done throu~h the Refine 
sub-process, which takes an abstract path p (A* ,B *), two 
nodes A e A*, B e B* • and produces a refinement of p * 
to p that links A with B. 

Algorithm Refine( AbstractPath,A,B) 
* * * Let AbstractPath = (x J.X 2, .. . ,x mJ 

begin 
DetailedPath = () 
X[ast =A 
Fori= 1 to m-1 do 

begin 
Bridges = FindBridges(x \ x *i+ 1) 
SubPath = PickAPath(x *i,XfasP Bridges) 
xzast = LastOf(SubPath) 
SubPath = SubPath- (X[ast) 
DetailedPath = Add(DetailedPath,SubPath) 
end 

SubPath = FindPath(x*m,Xlast• B) 
DetailedPath = Add(DetailedPath,SubPath) 
Return DetailedPath 
end 

Table I describes the sub-processes used in Refine. Since 
these sub-processes are relatively simple, their detailed 
expansions are omitted for brevity. 

From the table, the complexity of the algvrithm Refine is 
determined as: 
T(Refine) = 
m-1 m m-1 

"(lx~llx~,l+lx ~ l 2 )+lx*l2 = 'lx~l2 +' lx~llx.·+ , l ,£,. I t+ I nl LJ I L..J I l 
i=l i=l i=l 

(1) 

In order to analyse the complexity of the top-down 
strategy, we assert the condition that every neighbourhood 
grouping creates groups of greater-than-one constant 
size. In other words, there exist two constants cl, c2 such 
that 1 < c1 ~ lv *1 < c2 for all v * e v*. This condition 
places the lower and upper bound on the number of nodes 
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that can be grouped in one conceptual neighbourhood, 
hence guarantees the "balance" of the partition of a given 
level into its next higher level. 

With the above assertion, the following theorem holds: 

Theorem 4.9. The complexity of the the top-down 
strategy, T(TopDown) is 
1. O(lpnl + IPn-11 + ... + lp1l) where lpil is the size of the 

2. 
solution Pi at level i 
O(IV nl), where IV nl is the number of nodes at the 
bottom level 

* Proof. From (1) and the fact that lx il < c2, we have: 
T(RefineJ<fc2 1x;l + I:c,lx;l < 2c, f,1x;1 = 2c21p·l (2) 

i:::l i=:l i=l 

Using (2) in the algorithm for TopDownStrategy, we 
have 

m 

T(TopDown) < 2C2 Lipil = 
i=l 

(3) 

On the other hand, since lpil ~ IVil, T(TopDown) < 
2c2(1VJI+IV21+ ... +1Vn1) (4) 

We also have IVil < IVi+ll/c1, hence (4) reduces to a 
linear function of IV nl (proved). 

Since the top-down strategy will have to find all the paths 
Pl· P2· ····Pn at the same time, in the best case, its 
complexity is at least a linearity of lp1l + lpzl + ... + lpnl. 
Therefore the first assertion of theorem 5.8 provides the 
best estimation of the complexity of the strategy. In the 
specific case of the grid environment, this sum can be 
estimated further by IV n 1lh which is the length of the 
With the above assertion, the following theorem holds: 

Theorem 4.9. The complexity of the the top-down 
strategy, T(TopDown) is 
1. O(lpnl + IPn-11 + ... + lp1l) where lpil is the size of the 

solution Pi at level i 
2. 0(1Vn1), where IV nl is the number of nodes at the 

bottom level 

Name Description 
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Proof. From (1) and the fact that lx*il < c2, we have: 
T(Refine)<i,c,lx;l + I;c,lx;l < 2c,flx;l = 2c,lp·l (2) 

i•l i=l i=l 

Using (2) in the algorithm for TopDownStrategy, we 
have 

m 

T(TopDown) < 2C2 L I pi I = 
i=J 

(3) 

On the other hand, since lpjl ~ IVil, T(TopDown) < 
2c2(1VJI+IV21+ ... +1Vnl) (4) 

We also have IVil < IVi+ll/c1, hence (4) reduces to a 
linear function of IV nl (proved). 

Since the top-down strategy will have to find all the paths 
Pl• pz, ····Pn at the same time, in the best case, its 
complexity is at least a linearity of lp1l + lp2l + ... + lpnl. 
Therefore the first assertion of theorem 5.8 provides the 
best estimation of the complexity of the strategy. In the 
specific case of the grid environment, this sum can be 
estimated further by IV nllh which is the length of the 
longest solution; therefore the strategy has the optimal 
complexity among all sequential methods. 

On the other hand, the second assertion of the theorem 
demonstrates the superiority of the strategy over the 
exhaustive search whose complexity would be O(IV n12). 

4.3.4 Efficiency of the solution found 

In every approach, there is always a conflict between the 
efficiency of finding a solution and the efficiency of the 
solution found. The first entity is usually measured by the 
computational complexity of the algorithm, while the 
second entity is measured by how good is the solution in 
solving the required problem. For example, while the 
exhaustive search approach guarantees to find the optimal 
solution, it has a serious drawback in terms of its 
computational efficiency. To decide which approach is the 
most 

Complexity 
FindBridges(x ..,;,x ";~ 1) A bridge is an edge in G of the form ( u, v) where UE * lx"';llx "';~TI x· l 

andve x *i+ I· This process returns the set of all bridges. 
PickAPath( x "",x, B) B represents a set of bridges with starting nodes inside lx ""l2 

x *. x is a node in side x *. The process calculates the cost 
to travel inside x *from x to all other nodes of x *. For 
those nodes that start a bridge, the cost of the bridge is 
added, and the path producing the least cost is chosen. 

FindPaht(x "",x,y) x and y are two nodes in x "'. The process returns the tx "' l ~ 
optimal path f rom x to )' in x *. 

Add(pathl, path2) concatenate path2 to path] and returned the new path lpath21 
LastO/ ( path) returns the last node of a path constant 

Table I. Descriptions of modules used in Refine 
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applicable is context-dependent and depends upon 
different factors such as how fast the task has to be 
accomplished and the acceptability of an inefficient 
solution. 

It should be noted that while the top-down strategy 
overcomes the computational inefficiency of the 
exhaustive approach, it might not always guarantee to find 
an optimal solution. This is because the refinement of the 
optimal solution at a certain level might not lead to the 
optimal solution at the more detailed level. The question 
of under which circumstances our strategy will deliver 
optimal or almost optimal solutions is the topics for future 
investigations. 

4.4 Summary 

In summary, this section has introduced a formalism for 
dealing with knowledge in a hierarchical manner. During 
the construction of the hierarchical structure, we use 
neighbourhood grouping as the qualitative grouping 
technique. The formalism has been demonstrated to 
overcome the deficiency of a non-hierarchical structure at 
global scope. With respect to the path-finding problem, 
we propose the use of the top-down strategy whose 
theoretical correctness is guaranteed by the completeness 
and consistency of the representation formalism. We also 
demonstrate the computational efficiency of the top-down 
strategy. 

5 Discussion and conclusion 

5.1 Discussion 

The proposed representation formalism rests on two main 
points: 

• Neighbourhood relationship: Most changes that 
occur in nature are continuous. The neighbourhood 
relationships capture one of the most important 
property of such continuous changes: they can only 
occur between two neighbouring states. 

• Multi-level hierarchical structure: A hierarchical 
structure illustrates the power of abstraction: to forget 
about unnecessary details and focus on what is most 
important. To accomplish this, we need to abstract, 
i.e. to replace details by a concise abstraction that 
retains what are common and important to us. 
Hierarchical structure also means efficiency. 

Our proposed formalism is a novel way of combining 
these two existing ideas. In constructing hierarchical 
structure, we need to decide what to abstract. Conceptual 
neighbourhood provides a natural answer. The 
combination of a hierarchical structure built on top of 
conceptual neighbourhoods provides a sound, expressive 
and efficient representation of knowledge. The forrr.::tl 
framework on which the representation is rested enables 
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us to show the structure of the representation in its most 
general form. 

The representation plays a special role in representing 
knowledge about space and time. In these two domains, 
the need for modelling continuous changes is prevalent. 
However, existing hierarchical representations are either 
quantitative (therefore are ignorant of the continuity 
property) or even if they are qualitative, fail to capture this 
continuity property. Our proposed representation 
formalism inherits the strength of a qualitative approach, 
the efficiency from its hierarchical structure, and the 
natural ease in modelling continuous actions from its 
neighbourhood structure. 

Due to its generic form, the hierarchical abstraction 
formalism should be applicable in a wide range of 
problem domains and tasking. In [2] we demonstrate 
using the hierarchical abstraction for constructing an 
autonomous agent's cognitive map for a simple spatial 
environment. The resulting hierarchical cognitive map 
has been shown to be cognitively plausible, efficient and 
provide easy incorporation of sensing input from the 
agent's sensors. 

5.2 Conclusion and future work 

In summary, we have presented in this paper a qualitative 
formalism for representing spatial knowledge. We argue 
that in situations where the requirement for exact 
information about the environment is unrealistic, the 
qualitative approach is advantageous and robust in 
dealing with inexact information. Furthermore, a 
qualitative method is also computationally efficient if its 
power of abstraction is exploited. 

Accessing the contributions of this work, we want to 
emphasise on the following aspects presented in the 
paper: 

• A common formal framework for qualitative 
representations based on the formulating of the 
neighbourhood structure concept. 

• The use of neighbourhood groupings a 
neighbourhood-based qualitative grouping method to 
construct hierarchical abstraction representations that 
are both complete and consistent 

Our proposed formalism is centred around the formation 
and enhancement of the neighbourhood structure of the 
spatial representation. While neighbourhood links provide 
a convenient method for representing continuous changes 
from one state to one of its neighbours, neighbourhood-
based grouping provides a useful technique to construct a 
hierarchical structure of abstract representation which can 
be proved to be complete and consistent. The power of 
abstraction of a qualitative representation is maximised in 
the hierarchical structure enabling it to cope with arbitrary 
complexity while retaining the efficiency at the global 
scope. 
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One possible further work to improve the formalism is the 
investigate efficient ways of forming clusters as basic 
grouping unit. Given the connectivity map at a level, how 
should clusters be formed and grouped together to 
maximise the balance and efficiency of the hierarchical 
structure? One way to answer this question is by looking 
at the ways such clusters have been formed in nature and 
real life: groups of rooms to form building, groups of 
buildings to form a neighbourhood block. Other research 
directions are to find new application grounds for the 
formalism. Applications in spatia-temporal knowledge 
representation and planning look most promising, but 
other domains can also be investigated. 
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